Introduction
The classical Hopf-Cole transformation is applied for the solution of the nonlinear diffusion equation. There are two well-known nonlinear generalizations of the diffusion equation: with quadratic nonlinearity and the Burgers equation. The first of them has applications in dealing with plasma and acoustic phenomena [15] . The Burgers equation was initially proposed by H. Bateman while modelling the weak viscous liquid motion [4] and later rediscovered by Burgers as a simple nonlinear partial differential equation in studies on turbulence [8] . This equation can be viewed as a simplified version of the Navier-Stokes equation and related to the heat equation via the Hopf-Cole transformation [12, 20] . Presently, the number of applications of the Burgers equation is immense (see, for instance, [17, 41] and references below).
In the case when the properties of a system in a certain point of configuration or phase space depend not only on the properties of this system at this point, but also on the properties of at least one point of the environment, we deal with the nonlocal phenomena. As the examples, let us mention the well-known prey-predator system of Volterra with delay in ecology [40] , the ferromagnetic properties of matter in physics [5] , viscoelastic phenomena in mechanics [26] . From the mathematical point of view, such phenomena are usually described by the integrodifferential equations [2] . Over the last few years, more attention has been given to a special part of the theory of integro-differential equations, the so-called fractional calculus [32, 33, 37] . This approach is applied not only in the theory of fractals and to the above-mentioned, already classical, nonlocal phenomena, but also for the description of electrical, biological and diffusion phenomena. The latter topic, as follows from the growing number of publications, receives much attention [33] .
Some time ago, two fractional generalizations of the classical diffusion equation were proposed. One of them leads to replacing the second space derivative by the fractional one
where φ = φ(x, t), a D p x is a fractional derivative in the sense of Caputo [33, 37] , where 0 < p < 1, and a is a parameter of nonlocality.
From the physical point of view, we may consider this spatial fractional derivative as a Fourier transformation of the fractional power of the wave number k (see a short review in Appendix B).
From this approach, but for the wave equation, the fractional derivative was considered by A.N. Gerasimov in [16] . The other generalization, proposed by R.R. Nigmatullin in [30] , is related to the fractional substitution of the time derivative a D p t φ − αφ xx = 0.
In this situation, due to the well-known relation between the diffusion and the Burgers equations, we may expect two analogous nonlocal generalizations of the Burgers equation 2) and the other one
These generalizations (1.2) and (1.3) are just the applications of the ideas of [16, 30] . 
in which φ(x, t), φ 0 (x) ∈ R, −∞ < x < +∞; t ≥ 0 and the parameter α > 0. In this equation,
x φ is the fractional derivative, where λ is the length parameter, and a ∂ p x φ is the Caputo fractional derivative (see Appendix B). Thus, all the terms of the FBENN have integer physical dimensions. From the mathematical point of view, in the case of linear equation, the transition to the dimensionless form is recommended, and in the case of nonlinear equation such transition is necessary (for details, see Appendix A).
A series of exact analytical solutions of this equation, the asymptotic form of the solutions and a fractional generalization of the Reynolds number are presented. Concrete examples corresponding to the simplest behavior of fractal solution are analyzed.
Linearization
The main problem in solving the FBENN (1.4) is its nonlinearity. If for the linear integrodifferential equation we may apply some powerful methods [34, 36] , in the nonlinear case we can get only general estimates [24] . Therefore, the application of the old method of linearization could be helpful in understanding some properties of the FBENN.
Letφ be a known solution of the FBENN (1.4), and φ =φ + εψ is a small perturbation of solutionφ, where ψ = ψ(x, t). Then ψ(x, t), in the first order of ε, obeys the linear equation
The solutionφ could be obtained by any method presented in the next sections. Thus, according to the general theorems of the uniqueness and existence of the weak sense solution given in equation (6. 3) below, the solution of the linearized FBENN (2.1) could be found numerically.
The asymptotic behavior of the linearized solution ψ(x, t) at t → ±∞ is very important for the stability of solution φ(x, t).
Nonlocal perturbations of the local solutions
Let us take advantage of the fact that in the case of p = 0 and p = 1 the solutions of the respective equations are known. To find how the nonlocality changes of the local solution of the FBENN (1.4), we shall perform the expansion of the latter two equations in the neighbourhood of 0 + ε and 1 − ε of the parameter p.
In the neighbourhood of the point p = 0 + ε, the fractional derivative has the expansion
here aNx φ(x) is the nonlocal operator
here γ is the Euler constant. Then the expansion of the FBENN (1.4) in the neighbourhood of the respective points is
Thus, as follows from equations (3.1) and (3.2), in the case of weak nonlocality (small values of the parameters p or 1 − p) FBENN (1.4) can be interpreted as the respective classical equations perturbed by nonlocal terms of a highly specific form. Both these equations can be solved numerically.
The travelling wave solution
Let us change the reference frame and turn to a new variable ξ = x − ut. Then the FBENN (1.4) takes the form
The solutions of the corresponding equations for p → 0 and p → 1 are known
Suppose that according to the "intermediate" character of the evolution equation (4.1), the travelling wave solution φ(ξ) of this equation is just a fractional "deformation" of the solution φ (0) (ξ)(φ (1) (ξ)) with the integer value of the parameter p = 0 (p = 1)
where
. Indeed, the substitution of expressions (4.3) into travelling wave equation (4.1) leads to equations for the corresponding solutions φ (0) (ξ) and φ (1) (ξ).
As a consequence, from (4.3) we get φ (1) (ξ) = ∂ ξ φ (0) (ξ). The assumption (4.3) allows us to get the travelling wave solution of the equation (4.1) by substituting the corresponding solutions of this equation for the limit cases p → 0 and p → 1 into expression (4.3).
The travelling wave solution of (4.1) is
with the asymptotics φ = −2uc, ξ 1;
with the integration constant C, and
The fractional generalization of the Hopf-Cole transformation
In the case of the evolutional Burgers equation (BE),
well known is the simple nonlinear Hopf-Cole transformation
which relates any solution w(x, t) of the diffusion equation (DE) w t = αw xx to the solution φ(x, t) of the BE. In the case of the nonlinear diffusion equation (NDE) with quadratic nonlinearity
there is also a nonlinear transformation, which relates the solution w(x, t) to the solution φ(x, t) of the NDE (5.3)
φ(x, t) = −2α log w(x, t).
We see that the above two transformations are the cases of one and the same transformation which is as follows 
t).
It is more expedient, however, particularly in applications, to use the fractional generalization of the Hopf-Cole transformation
Indeed, by substituting expression (5.6) into the initial FBENN (1.4), we obtain the equation
which turns into an identity when w(x, t) is the solution of the DE.
The point is that by changing the scale and the variables we can always obtain the solution of the diffusion equation for || w(x, t)|| 1. In this case, the generalization of the fractal Hopf-Cole transformation (5.6) becomes even simpler
From the formula (5.7) in particular it follows that if the diffusion equation solution asymptotically approaches zero, for instance, for w(x, t) → x −q for x → +∞ (q > 0), then the FBENN solution also approaches zero: w(x, t) → x −(p+q) for x → +∞, (q > 0). In the case of the exponential asymptotic, more convenient is the expression (5.5).
Let w(x, t) : x ∈ [0, +∞) ∪ t ∈ [0, +∞). The fractional derivative is the right Caputo derivative in the Weyl sense. In the case of the solution of the diffusion equation
the solution of the FBENN is
Note that solution (5.10) continuously transforms from solution (5.8) into (5.9) when the parameter p runs from p = 0 to p = 1.
It is the fractional generalization of the Hopf-Cole transformation (5.2) that has been used to derive the solution (5.10) which interrelates the diffusion and the FBENN solutions.
Thus, if T (p) is a fractional generalization of the Hopf-Cole transformation, then the interrelation among the nonlinear diffusion equation (NDE), the Burgers equation (BE), the simple diffusion equation (DE) and the nonlinear nonlocal diffusion equation can be graphically shown as follows DE
The interrelation of the solutions
The existence of the fractional generalization of the Hopf-Cole transformation may produce the impression that the properties of the FBENN solutions can be reduced to the nonlocally transform solution of the diffusion equation. Below, we shall show this is not the case.
It is well-known that any solution w(x, t) of the DE w t = αw xx under the simple HopfCole transformation φ(x, t) = −2αw x (x, t)/w(x, t) turns into the solution φ(x, t) of the BE φ t + φφ x − αφ xx = 0. The reverse is not true, as the solution φ(x, t) does not obey the DE: if we substitute φ(x, t) into the BE, we obtain the equation which will be more general than the DE
here f (t) is any time function.
Thus, there exist the BE solutions that can be expressed through solutions of the simple DE, and the proper solutions that are devoid of such representation.
In a similar way, we can classify also the NDE solutions. Some of them are related to DE solutions through the transformation φ(x, t) = −2α log w(x, t). However, there exist also the proper solutions that are not related to DE solutions.
It is important that the interrelation of the solutions in the case of the travelling wave equation (4.3) can be generalized and is valid for the NDE, FBENN and BE cases
here, as above, φ (0) (x, t) (φ (1) (x, t)) is the NDE (BE) solution for p = 0 (p = 1). This means that the solutions of all these three equations, irrespectively of the fractional Hopf-Cole transformation, are interrelated. Hence, in particular, it follows that
This interrelation is, in a sense, more general as is valid for both the solutions related to the DE solutions and proper solutions. If we substitute the proper solution φ (1) (x, t) of the BE, we will be able to restore the proper solutions of the NDE.
Let us consider the initial evolution equation (1.4) together with two limit cases at p → 0 and p → 1
For p = 0 we have a diffusion equation with quadratic nonlinearity or just the nonlinear diffusion equation (NDE) (6.1), for p = 1 -the Burgers equation (BE) (6.2), for 0 < p < 1 -the integro-differential equation FBENN (1.4) which we may regard as an "intermediate" evolution equation whose solutions turn into the solution of equation (6.1) or (6.2) depending on lim
The solutions to the Cauchy problem (1.4) have to be understood in some weak sense; there are several options reported, e.g., in [6, 7] . In the context of the present study, let us just say that under the weak solution (1.4) we mean the solution of the integral equation
motivated by the classical Duhamel formula. It is clear now that in the same manner we can also classify the nonlocal solutions of the FBENN. Some of them, through the fractional Hopf-Cole transformation, are related to the simple DE. However, there are also a number of proper solutions which have no such relation to the BE.
Evolution of the initial conditions
Let the initial conditions for FBENN (1.4) and for the diffusion equation be related by the expression
This allows us to express the solution φ(x, t) of the FBENN through the initial condition φ 0 (x) and the general form of the solution of the diffusion equation:
The expression of the solution of the FBENN (1.4) in the general form (7.1) allows us to analyze the time evolution of the nonlocal solution. Indeed, let w(x, t) be the solution of the diffusion equation w t = αw xx . Then the solution of (7.1) can be expressed in the form φ(x, t) = −2α a D p x log (1 + w(x, t)). As follows from the FBENN (1.4) , t) , the low-order equations turn into the higher-order ones, but in the inverse direction this transformation is multivalued.
Interaction of nonlinear and nonlocal perturbations
The relation (7.1) For instance, for two solutions of the diffusion equation in the form
we obtain a nonlocal and nonlinear interaction of these perturbations:
The conservation laws
In the case of the BE (6.2), for x ∈ E 1 , ∀ t > 0, φ(±∞, t) = φ x (±∞, t) = 0, we have a conservation value, or the time invariant value inv, of
In the applications, this conservation law is called the "mass" conservation law, because if φ(x, t) can be a one-dimensional density or a gradient of any physical, chemical or biological magnitude. Then, the I (1) corresponds to its conservation.
In the case of the NDE (4.2), if ∀ t > 0, φ x (±∞, t) = φ xx (±∞, t) = 0, we again deal with the conservation value
since by applying the derivative ∂ x to the evolutionary equation (4.2) followed by integration we obtain
This conservation value shows that the difference in asymptotic values for any time moment remains unchanged. If, for instance, we deal with the evolution of the potentials, the conservation value I (0) (9.1) shows that the difference of potentials for x → ±∞ does not change. In the case of the FBENN (4.3), we again deal with a conservation value if
Even this simple example highlights two important properties of the nonlocal conservation law (9.2): it interrelates the conservation values of two different dynamical systems, which can be of different mathematical nature (e.g., in our case these values are integral and discrete).
Note that in the "common" case of the nonlocal BE
an analogous conservation integral exists at other asymptotic values
At this point, it is not difficult to characterize the "mass" conservation law of the nonlinear nonlocal evolution equation
The magnitude I (p,q) is the invariant of the evolution equation (9.3):
φ(±∞, t) = 0. However, in this case the integrability is sacrificed, and the fractional generalization of the Hopf-Cole transformation does not exist.
The "energy" of travelling excitation
x φ(±∞, t) = 0, as in the case of the BE, is not unchangeable, but it is constantly decreasing:
Like in the case of the nonlocal "mass" conservation law, the "energy" K (9.4) links the energy of the travelling excitation in the case of the BE (p = 1) and the one-dimensional density of energy in the case of the NDE (p = 0).
Symmetries
The conservation laws are obviously related to the group of the FBENN automorphisms. In the case of the usual BE, there is a large Lee symmetry group of point transformations, which contains the Galilei, dilaton, and projective transformations and is generated by operators
Symmetries in the discrete BE have been studied in [18] . An important and in the general case uninvestigated problem is to find the nonlocal and nonclassical symmetries of the FBENN. Some general aspects were already presented in [1] . Promising seems an attempt of computer symmetry analysis, as was done for the nonlinear heat equation in [11] .
Note here one property that allows us to get new solutions of the FBENN. Let v(x, t) be a known solution of the FBENN (1.4), and u(x, t) is the solution of the linear equation 
On substituting the variables while
where A and B are constants, the evolution FBENN will not change its form. This way of generating the new solutions is particularly efficient not in the case of travelling excitations when φ = φ(x − ut), but in the general case when φ = φ(x, t).
One of the ways of constructing exact solutions of some of the nonlinear equations consists in finding the corresponding Bäklund transformations. The Bäklund transformations have been found for the majority of the nonlinear equations that are integrated by the inverse scattering method [14, 31] .
It is possible to show that the generalization of the Hopf-Cole transformation T (p) is a separate case of the Bäklund transformation
On removing φ(x, t) from the system we obtain the diffusion equation w t = αw xx .
To obtain the FBENN from the system (10.2), we shall perform the following procedure. From the diffusion equation for the function w(x, t) and the identity [w t /(b + w)] x = [w x /(b + w)] t follows the condition
and from the first equation of the system (10.2) it follows that 
The first equation of the system (10.2) is a fractional generalization of the Hopf-Cole transformation
(10.5)
On substituting expression (10.5) into the FBENN we obtain the following equation 
It is because of this above-mentioned ambiguity of the fractional generalization of the HopfCole transformation that the FBENN solutions are differentiated into those related to the diffusion equation and proper ones.
The asymptotic form of solutions
A very convenient dimensionless quantity which is used in the nonlinear BE is the Reynolds number. This number is just a ratio of the nonlinear and the dissipative terms: Re ∼ φφ x /αφ xx . In the case when Re 1, the influence of the nonlinear term is negligible, but for Re 1 this term plays a crucial role and leads to the nonlinear Riemann equation which describes the simplest type of the shock waves 1 . For the FBENN (1.4) we may introduce a dimensionless generalization of the Reynolds number, which at the p = 1 coincides with the classical Reynolds number for the BE
where λ is the characteristic parameter of length in the model. Depending on the value of this number, we obtain two limit cases of the FBENN φ t − αφ xx = 0, Re 1, (11.1)
The equation (11.1) is just a diffusion equation, and the equation (11.2) we will call the fractional Riemann equation. In the case of Re 1, depending on the value of the order of the fractional derivative p, we have three evolution equations
The "mass" conservation law predetermines the asymptotic form of the FBENN solution. To confirm such a result, let us consider some estimates. From the general form of the FBENN solution (7.1) it follows that the limit t → +∞ corresponds to a rather low value of the parameter α. At a low α, to calculate the values of the corresponding integrals we can apply the saddle point approximation.
The critical point y 0 can be determined from the equation
Then the asymptotic expression of the FBENN solution acquires the form
For x → +∞ and 0 < p < 1, the solution φ(x, t)
Thus, we obtain a power-deformed perturbation of the usual solution of the Burgers equation. Note here that these estimates are valid not only in the environment of the meaning p = 1, but also for any p ∈ R.
We have to show the region of the validity of solution (11.3). In the limit case, the integral in the expression of the mass conservation law diverges. Therefore, for x > x 0 the solution φ(x) ≡ 0. To determine the value x 0 , we insert the asymptotic form of solution (11.3) in the expression of the mass conservation law (9.2) . This means that x 2 0 /2t ∼ I. Thus, the maximum meaning of the solution
12 The supersymmetric nonlinear nonlocal dif fusion evolution equation
We shall show that the FBENN has a supersymmtric generalization. Let the superfield χ = θ a D 1−p x φ + ψ unite two fields of different properties: the "bosonic" field φ(x, t) and its spinor superpartner ψ(x, t); θ is the constant Majorana spinor. The transformations of the fields φ, ψ are nonlocal because of the fractional derivatives a D p x f (x)
However, the commutator of the two transformations (12.1) is a spatial translation
The supersymmtric equation
(here D = θ∂ x + ∂ θ is a supersymmetric derivative) is a system of two evolutionary equations
which are invariant in respect of supertransformations (12.1). In the general case, the system (12.3) is a system of two nonlinear nonlocal evolution equations, which becomes local when
The supersymmetric equation (12.2) and the corresponding system of equations (12. 3) unite two fields of different nature, and only one of them is nonlocal.
Here, the main point is a general note related to the application of the nonlocal systems. Suppose the case when a dynamic system is characterized by two interacting fields, of them one, for instance, the "fermionic" field ψ(x, t), is measured in the course of experiment, whereas the other, the "bosonic" field φ(x, t), is assessed only phenomenologically. Actually, such assessment in the class of local evolution equations may result in a qualitatively erroneous mathematical model of a dynamic system.
Conclusions
It is important to note that the influence of nonlocality can be arbitrarily great. Therefore, we do not describe nonlocality by an additional term in the Burgers equation.
Let us remind here that the classical Burgers equation belongs to a unique group of the three completely integrable second-order PDEs. I suggest that the FBENN also belongs to a unique group of the completely integrable nonlocal PDEs of the fractional order.
The fractional diffusion process is related to the non-Gauss statistics; this results in slow diffusion correlators (∆x) 2 ∝ Dt γ with γ = 1, and D is a generalized diffusion coefficient of the dimension L 2 /T γ . In our case, the FBENN is related to the so-called Lévi statistics [39] ; at the same time, the initial Burgers equation as well as the diffusion equation are related to the usual Gauss statistics.
From our point of view, the FBENN has at least two important advantages:
i) the influence of nonlocality is not assumed to be insignificant;
ii) the relation of the FBENN to the usual diffusion equation allows a lot of analytical solutions of the FBENN.
Besides, despite the nonlocality in the proposed nonlinear and nonlocal FBENN,
• space-localized solutions are possible;
• nonlocal perturbations in a system described by the FBENN can interact;
• the Reynolds number is a universal dimensionless parameter for both the local and nonlocal Burgers equations;
• there are nonlocal analogies of both the momentum conservation law and kinetic energy dissipation.
In some fields of physics, we need the vectorial form of the Burgers equation, e.g., in astrophysics to describe the large-scale structure of the Universe [28, 29, 43] . In such cases, the vectorial FBENN can be proposed
x is the fractional generalization of the gradient operator ∇. Note also that for α = 0 from FBENN (1.1) follows the fractional generalization of the Riemann equation, which also has numerous applications.
The proposed FBENN, because of its general character, allows a wide range of applications. Actually, we may try to introduce the nonlocal generalization in almost all fields where the BE is applied. These are the nonlocal effects in shock wave propagation in acoustics, the effective model of the process of nonlinear heat distribution in the environment in the presence of heat sources and sinks, the Kardar-Parisi-Zhang (KPZ) equation in the crystal growth phenomena in (1+1)-dimensions [23] , the nonlinear dynamics of moving lines [22] , formation of galaxies [29, 38] , the behavior of the magnetic flux line in superconductors [21] , and spin glasses [13] , as well as numerous examples of the application of the usual Burgers equation, presented in the abovementioned monographs [17, 41] .
A The normalized form of equations
In applications, usually considered are both the non-normalized form of the diffusion equation with quadratic nonlinearity
and the Burgers equation
in which the concrete sense of the coefficients α and β depends on the content of a model under description. In the dimensional form, β is normally related to the coefficient of diffusion, whereas in the dimensionless form it relates to the inverse Reynolds number Re .
The basic aspects of fractional calculus and its applications could be found in [3, 10, 16, 19, 25, 27, 28, 30, 33, 37, 42] .
C Supersymmetry
Let us consider an important example. Two large infinite classes of groups, Osp(N |M ) and SU(N |M ), are used in applications. The orthogonal group O(N ) preserves the invariant x i x i , and the group Sp(M ) retains the invariant θ m C mn θ n , where the C mn matrices are real antisymmetric matrices and θ i are Grassmann-valued. The orthosymplectic group is now defined as the group that preserves the sum Osp(N |M ) : x i x i + θ m C mn θ n = inv . In the explicit form, the commutators involving the supersymmetry generator are
Let us define superspace as the space created by the pair x µ θ α , where θ α is a Grassmann number. Let us define the supersymmetry generator as
The anticommutator between two such generators yields a displacement {Q α , Q β } = −2(γ µ C) αβ i∂ µ .
Note thatεQ makes the following transformations of the superspace
We can construct the operator
This operator D α anticommutes with the supersymmetry generator, {Q α , D β } = 0. This relation is very important because it allows us to place restrictions on the representations of supersymmetry without destroying the symmetry. This permits us to extract the irreducible representations from the reducible ones.
